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SUMMARY

An asymptotic solution to the problem of a slightly buoyant flow, induced by the motion of a submerged
point heat source which is governed by the Oseen-Boussinesq approximation, is presented. Two cases are
discussed in particular, one which involves a motion of the heat source beneath a free surface and the other
near a rigid boundary. The thermal boundary conditions on these two interfaces are assumed to be that of
the mixed Cauchy type. Closed-form expressions are obtained for the temperature field as well as for the
velocity and the pressure distributions induced in the fluid. The general solution thus obtained is illustrated
by calculating both the thermal and kinematic signatures on the free surface for some particular cases.

1. Introduction

In this paper we consider the steady motion of a point heat source below and parallel to an
interface — either a plane boundary or a free surface — in a medium which is otherwise at rest.
The fluid is assumed to be incompressible and the resulting fluid motion, which is solely due to
buoyant effects, to be laminar. The point heat source is moving with a constant speed U at a
constant depth y = h below the interface. We define a Cartesian coordinate system moving with
the source velocity U along the x-axis, with the z-axis parallel to the interface and the y-axis is
directed vertically downward such that the location of the source is given by (0, &, 0). The rate
of heat production by the source, denoted by Q, is assumed to be small and thus the thermal
plume can be termed as a weakly buoyant plume. In this sense the problem may be considered
as a perturbation on a homogeneous fluid medium at rest. As a result of the temperature field
and the fluid motion induced by the moving heat source, the interface will be deflected in the
case of a free-surface boundary. In the case of a rigid plane boundary a pressure distribution
will be induced on this interface.

It is the purpose of this study to analyse the fluid motion and the temperature field induced
by the buoyant source as well as the shape of the deflected free surface and the pressure distri-
bution on the plane boundary, as a function of the heat-source output, its velocity and sub-
mergence depth. The motivation for this study is the search for a theoretical model which will
determine the characteristics of submerged pollutants in the ocean in the presence of an am-
bient current, by their thermal or kinematic signatures on the free surface (or on the ocean
floor in the case of negative buoyancy).

The mixed-convection problem of a weakly buoyant plume in the presence of an ambient
current has been previously studied by Afzal, Wesseling and Wood. Afzal {1] and Wood [7]
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considered a stationary two-dimensional line heat source placed in an oncoming vertical stream,
whereas Wesseling [6] analyzed the buoyant plume induced by a point source in a free stream
which is directed at an arbitary angle with respect to the vertical. It should be emphasized,
however, that these mixed-convection studies consider the case of a heat source immersed in an
infinite expanse of fluid, where no other boundaries or interfaces are present. The present study,
on the other hand, considers the influence of both a rigid wall or a free surface on the plume
characteristics.

2. Mathematical formulation

The equations governing steady convective laminar flow, when heating by viscous dissipation is
neglected and when the density is a slightly varying function of temperature, are the Boussinesq
equations [6, 7]:

V-u=0,
p(u+V)u = —Vp—pgf6j + uvZuy, )
pcp (u-V)6 = kv?29

where p is the fluid density,p the fluid pressure, u the velocity vector, k the thermal conduc-
tivity, u the dynamic viscosity, ¢, the specific heat for constant pressure, § the difference
between the plume and the ambient temperature, B the thermal expansion coefficient and j
denotes a unit vector in the y-direction.

Let U, the velocity of the flow at upstream infinity, be the velocity scale, 2 be the length
scale (assuming the system has only one length scale), pU? be the reference pressure and A =
Q/pthcp be the reference temperature difference. Denoting dimensionless quantities by the
same symbols as the corresponding dimensional quantities, the dimensionless form of (1) is

Veu=0,
1
(u* V)u = —Vp—ebj +ﬁV2u, 2
1
* V)6 = — V?0.
(©-v) 2o

Here A = Uh/(2v) denotes the Reynolds number, 0 = uc,/k is the Prandtl number and € =
E £0/(pU 3h2cp), which is a measure of the ratio between buoyancy and inertial forces, is con-
sidered a small parameter in the following analysis. This parameter may be also expressed as € =
B A6/Fr, where Fr = U 2 /(gh) is the Froude number.

The boundary conditions at infinity are

u=1,0=w=p=0=0 at x*+y*+z? >0 3
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where u, v, w, are the three components of the velocity vector u.
At y = 0 we have either a free surface or a rigid plane boundary. For a rigid plane the bound-
ary condition is the no-slip condition:

u=1, v=w=20 on y=0 4

For a free surface the boundary conditions require that both the tangential and the vertical
components of the shear stress tensor should vanish. The linearized version of this free-surface
boundary condition (see for example Wehausen and Laitone [5]) is

ou + v _ ow + v
oy ox ody oz
ony=0 ®)

where y = 11 (x, z) denotes the free-surface elevation. Another boundary condition, stating that
the free surface is also a stream surface, is

v=u@+wa—n. ©)

ax 0z

There is an additional boundary condition for the temperature distribution on the interface
which is taken here to be of a general Cauchy type,

§—0+b0=0 at y=1 )
on

for the free surface with n denoting the direction of the normal and

g—f’ +b0 =0 at y=0 t))
for the rigid boundary.

The limiting cases of b = 0 and b - — o correspond to adiabatic and isothermal boundary
conditions respectively. Equation (2) together with the boundary conditions (3)—(8) complete
the formulation of the present problem.

A perturbation solution for small € for this system of coupled non-linear equations will next
be presented. The analysis is valid for a wide range of the parameters 4 and U, provided that the
heat-rate production of the point source is small; hence, it is assumed that EAO <1or

Bo
pcy’
The solution of the non-linear field equation (2) is sought in the far-field at a distance from the

Uh® » &)
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heat source which is larger than the difffusive length [6, 7] for which the Oseen approximation
may be employed in the linearization of the Navier-Stokes equations.

Hence, for a finite yet small €, the following asymptotic expansions are assumed for the
velocity, pressure, temperature and for the free-surface elevation,

u=1l+eu; +etu, +...,v=ev, +efv, +...,w =ew,; +e¢w, +..., (10

e, v€ED2+...,0 =0,+€b, +€0,+....,n =en +ein +....

I

p

Substituting the above in (2) yields the following first-order system of linear equations for
ug,p; and O, (uy =uy (g, 71, w))

Veu, =0, @)
aul 1

1 _ 4+ —V2y, —i

o Vo, 2}\V u; —jb,o, (12)
a0, 1

—2=-—V?

ax 2o o’ 3

subjected to the following boundary conditions at y = 0:

a0,
3 + b8, 0, (14)

duy By _ dwy, Oy

= =0, 15
oy  Ox ay 0z (15)
1 1 9y,
D1 Frnl X 3y 0, (16)
ony
— = 0. 17
ox o 17
Equations (14)—(17) hold for a free surface, whereas for a rigid boundary we have
u; = v, =w =0 at y =0. (18)
These boundary conditions are supplemented by the infinity condition stating that
0, =p1 =M =u, =9, =w; =0 as x2+y? 422> oo (19)

It is clear that 8, does not depend on the perturbed velocity field and, hence, may be
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determined independently. The solution for 6,, on the other hand, is essential in the solution
for u; . We shall refer to the system (11)—(13) as the Oseen-Boussinesq equations.

3. The solution of the Oseen-Boussinesq equations in a medium with a free surface.

An analytic solution of the system (11)—(13) together with the set of boundary conditions
(14)—(17) and (19) will be presented next for the temperature, velocity and pressure fields as
well as for the free-surface displacement. For each one of these, the solution is expressed as a
sum of a singular and a regular part. The singular part is essentially identical with the solution
to the problem of a moving heat source in an infinite expanse of fluid (Wesseling [6]). The
regular part is added in order to accommodate for the additional boundary conditions at the
free surface.

3.1 The solution for the zeroth-order temperature field.
Let the zeroth-order temperature field be given by

90 = eo,s + eo,r (20)

where 8, , is the singular part which also accounts for the fact that the origin is not at the
source,

Ao _ -
eo,s = 21TR1 e Ao(R, x)’ (21)
where
R? =x* + (y—1)* +22 (22)

This solution satisfies the field equation for the temperature field (13) and vanishes at large
distances from the source.
The regular part, in addition to satisfying

Bo,r = 0, (23)

V30, — 20 =

must also satisfy the interface boundary conditions

06, , a9,
4 4 = —| -2 + b t = 0. 24
ay beo,r ( ay b 0,8 a y ( )

It was found convenient for the present case to first solve the problem in the Fourier-transform
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plane, where the double Fourier transform is defined by

7, (a,y,8) = 127 j J-_-“O,,(x, y,2) e~1ex=8% gy (25)
with inverse 8, given by

0o(%,y,2) = l/Zﬂf'[_:O—o (a,y,B)e'*** 2 gdadg. (26)
In the transformed plane (23) becomes

dzé-o,r 25
% —v%0or =0 (4))

with an equivalent boundary condition

de, , _ do. _

d;r+boo’r=—(7;-!+b00,,)aty =0 (28)
where

v? = a? + 82 + 2iado. (29)

The solution of equation (27) which vanishes for y > — oo is
-o_o.r = F((!, B) e, (30)

since the real part of v is always positive for real a, 8. The Fourier transform of the singular part
(21) is thus

F =2 -k
001‘ 2"7 (31)
which, when substituted in (28) and (29), yields
LA, Bl

The resulting expression for the zeroth-order temperature field is thus

Ao |1 “1y+b

1
= o mAO(R -x) 4
0o(x,y,2) oy € ! +21l‘-”-~‘7‘7—b

R e A+ rti(ax+ fz) dodf (33)
1
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which may be also expressed as

A 1 _ - 1 _ -
005, 7,2) = 5 {-—e R

R, R,
=1 —b(t-t')-AO(R, -x) 34!
— 34
2bLR; e 2 %) gp't (34)
where
R, = (> +12+20)'2, t=1+y,
Ry = (x*+1'2 +2%)172, (35)

The above representation has been obtained by utilizing the double Fourier transform (31) of
the singular part of (33). A similar expression has been derived by Van Roosbroeck [4].in
studying transport properties of semi-conductors by employing the Riemann-Stieltjes integral
representation to the corresponding time-dependent partial differential equation for the current
carrier transport. The solution for the time-dependent Green’s function of the diffusion equa-
tion for a semi-infinite space with radiation at the boundary, as given in Carslaw and Jaeger [2],
differs from the present solution in the sense that the former does not consider convection
effects.

For the two limiting cases, namely an isothermal interface (b = — =) and an adiabatic inter-
face (b = 0), equation (34) renders

1 1 -
0o(x,9,2) = ;—E Ee‘*”‘“x'*’¢ze‘m‘ﬂz D), (36)

Here, the upper sign corresponds to the isothermal (b - — o0) case and the lower sign to the
adiabatic (b = 0) case.

The numerical solution of equation (34) is depicted in Figures 1—4 and describes the tem-
perature field pattern as viewed in the direction of the z-axis for two typical planes z = 0 and
z = 1. When plotted as a function of x/A, the zeroth-order temperature field is identical over
most of the domain of interest, except for values of Ixl<Aand y? +2% <1.

Another interesting feature of this solution is that by imposing an isothermal boundary con-
dition on the interface, the temperature field indicates a downward inclination of the plume
(Figures 1 and 2). The only way to trace such a plume on the interface is by its kinematic
signature, namely the deflection of a free surface or by the pressure disturbance induced on a
rigid boundary.

In the non-isothermal case (b # — <) the thermal signature on the interface can be also cal-
culated and is shown in Figures 5 and 6.
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Figure 1. Isotherms of 6, for the isothermal case (b - — =) and A > 10 projected on the z = 0 plane.
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Figure 2. Isotherms of 6, for the isothermal case (b + — ) and A > 10 projected on the z = 1.0 plane.
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Figure 3.  Isotherms of 6, for the adiabatic case (b =0) and A > 10 projected on the z = 0 plane.

X/ A
0 8 >
0.0 T T | | v
1.0 /
.108
/
y .096
— o2 —
2.0‘L 060 —

6,=.012 .021 036 .048

Figure 4. Isotherms of 6, for the mixed boundary condition b = 1.0 and A = 500 projected on z = 1 plane.
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Figure 5.  The surface thermal signature of 8, in the adiabatic case (b = 0) and for A = 10.
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Figure 6. The surface thermal signature of 6,, for a mixed temperature boundary condition b = 1.0 and for
A=1.

3.2  The solution for the velocity and pressure fields

Following Lamb [3] and Wesseling [6] it is advantageous in the present problem to express the
perturbed velocity vector as

2 0 '
u; = Vo, +jvsiu (W, v, W) = wy (‘a%. %4’%,%) , 37
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where ¢, and y/; are some functions of (x, y, z) to be determined.
Substituting (37) into (12) yields the following equations for ¢, and ¥, :

Y,
Viy, —2A o = 2M0,, (38)
09,
2 — —— =
Vi, — 2 P 2Ap;. (39)

Taking the divergence of (12) and using (11) and (37) gives

a0,

Vien = -3 (40)
25 = _ V1,
Vi = P» (41)
Let
wl = wl,a+wl,r, (42)

where again /; , denotes the singular part of ¥, which, following Wesseling [6], is given by

A
Vi = = gromy EDR —0)] —EDoRy =)} @3)
for o #1 and
_ M Ao ‘
wl,s = 2 e (44)
foro=1.

Here E denotes the exponential integral defined by

E@)=[ 'etar (45)
The regular part of (42), ¥, satisfies

Vi, —2) _,._W;; L= 20, * (46)

Taking the Fourier transform of (46) and substituting (30) for 8,,, ,, one gets
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a*y, . 2 oAly+b
- ri,r - ~Y(+y)
dy2 71 wl,r my 'y—b (4 5 (47)
where
v} = o +p2 +2ial. 48)

The solution of (47) is readily obtained as
Ao { i v+b

wl,r(a;yaﬁ) = —ﬂ (0"‘1)7‘1 ,y_b

[eTU+¥) —g™ 711 A+9)] +G(a,B)e_7'y}, 49)

where G(a, #) is an unknown function to be determined from the boundary conditions on the
free surface.
The Fourier transform of the singular solution (43) is

%,.(a,y,ﬁ)=—"° {( i [e"""'—e"l“"'1]. (50)

o o— Day

Substitution of (43) and (50) into (42) yields, for 6 #1,

El(a)y,ﬁ) == M {__E___[‘Y_H’ (e'7(1+y)—e-7x(l+y)) +

2n {(c—Day|v—b

[€7177 e 13 4 G(a, B e J &)
and,foro=1,

El(a:y,a) == %{_[T:;(l —y)e™ N (1~ ) +(1+y)em a+ y)] +

G(a,B)e™ ™ ’}_ (52)
To find the first-order pressure distribution, we decompose p, into,

Py = P1,s %P1, (53)

where the singular part is given by

_ y—1 -AO(R, -x)
e ——— e — -_— 1 . 4
P1.e 4R, (R, —x) {l € (54)

Taking the Fourier transform of equation (40) and using (30), we get
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d’i)‘,, _ Ao Y+b _

‘E;{l ~YePir = 5 oo LA (55)
where

73 = o +42%. (56)

The solution of (55) can be expressed as

_ Ao i y+b _ ) )
p1,r(e,y,8) = — ;{5@ b [e” 7+ N —e % N) + H(a,B)e 71,  (57)

where the unknown function H(a, §) has to be determined from the boundary conditions on

the interface.
The Fourier transform of the singular part of p;, (54), is

Pia@.6) = ;;—a{e'”‘y'—e%“"'}, (58)

and, hence, p; (a, y, ), the sum of (57) and (58), is given by

pi(a,y,8) = ?{57\%«! [e-‘yll-yl_e"yoll-yl_ _7_+_I;(e-7(l+y)_e-7o(l+y)) —
n Y-
H(o, ﬁ)e"’oy} . 9)

Finally, to determine ¢, which is governed by (41), again let
1 = 01,4 +'¢l,r, (60)

where the singular part of ¢, , for o # 1, is given by [6],

- _ y—1 o AR, -z _ 1 -AO(R, - %) _
910 4n(o—1) {Rl “x¢ R, —x°
(61)
-1
"——x + A0 E [Ao(R; —x)] —A0E [A(R, -—x)]}
-
and
N Jud S BTV PSS f =
b1,6 27(R, —%) {e 1 or o=1 (62)

The Fourier transform of the regular part of (39) together with (57), gives
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d*¢,,, — Nof i ytb
2 - _— “YA+Y) _ oY1+ ] 4 Yo¥
a7 Yi01,r 7 |2noa y—b [e e o ] + H(a,B)e" 7o
(63)
which yields
A 1 Y _Laew -
+(oc—1 Yoll*+¥) ] 4
¢l ,.(a y’B) {2A0(0_1)a 5y — b [e (0 )e ]
i-!-H(a, B)e 0¥ + I(a, f) ™M ”] . (64)
The regular part of ¢; can be also obtained from equations (41) and (49) as
— _ _ Ao 1 y+b —y+y) 1 y+b
91,r(%.7,8) 27 {2)\0(0—-1)012 v—b ¢ 2Mo—1ay y—b
e Y, Uy ;’—;'K G(a,B) e ¥ +J(a, B)e“"oy} . (65)
Comparing the resulting two solutions for ¢, , namely (64) and (65), we conclude that
Y1i 71 Yy+b _
I =— = - Y
@8 =~ 5 7@ T Ro—Daty y=b ¢
y+b _
J == — 177 -7
@8) = TH@) ~ Froz 17y e, (66)
Substituting (66) into (64) and (65) together with the Fourier transform ¢, , given by
_ Ao 1
=~ _ r ~yl-yl_ sy -yl g
¢l,l(a’ysﬁ) 2 2A0(0—1)a27 [76 0y €
(0 —1)ye "o 1-¥], (67)

we derive the final expression for ¢, :

= Ao 1 Y+b - s
Prlenf) = "o {{2>\o(o—l)¢127 {7—1; [re 74" —gy;em 442

(0= 1)7e U N ] — [ye TN — gy, TV (g - 1)ye T Y ) —

’7‘ . G(a,p)e 71 +1 H(a B)e “foy]] (68)



which is valid when o # 1, and
— A 1 7+b -y, (1+y) . 1
=~ —{— |- — 1+ied{l14+y—— }}+
¢1(°‘,y,3) 2‘”{2}\&2{ ')'_‘b e t a y "
PRk [1+ia7\ (1+ia)\ (Il —yl———l—))]—
T
im

i
= TV Y 4 — ~Yo¥ = 1.
5 G(a,B)e a H(a,p)e } for g=1

3.3 Determination of the unknown functions G{a, 8 ) and H{a, )

285

(69)

The unknown functions G(a, 8) and H(a, 8), which appear in the solution for E 1,P1,and ¢ 4,
will next be evaluated from the boundary conditions on the interface. In the case of a free sur-
face, the velocity vector (37) is substituted into the boundary condition (15), which renders

2%+w,=o at y = 0.
oy

In addition, differentiation of (16) with respect to x and employing (17) yields

119

x  Fr {ayax

=0 at y =0,

Furthermore, (37) and (70) imply that v, =4y, at y = 0 and hence (71) becomes

op; 1 1 3%y
—+t =¥
ox 2Fr

- =0 =0.
2\ axay at y=0

Taking the Fourier transforms of (70) and (72), we obtain

dé, —
2&_,_% =0 at y =20,

dy

1 dy, | i -

™ dy PR TP =0t y=0.

(70)

gy

(72)

(73)

(74)

Next, substitution of ¢, ¥, and p; from equations (68), (59) and (51), evaluated at y = 0,
into equations (73) and (74), yields the following expressions for the two unknown functions

G(a,B) and H(a, B):
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iby, Fr

[ = 1+ e—DO—b)r

2
G(a,f) = _4>\{ a’Fr+17,

D |a(o—1)(y—b)

_ _ iFr - - -
[ve™ —me" 1] + NG-DO—b [ve™ —oyie ™" +(0—1)ype 0] +
by Fr ., _,
—_— - 75
gy T el (9)
a?Fry, —4ioA : baFr

1 _ _ _ _ .
H(a,B) = 5{(0—1)(7—b)a [e"Y—e 1]+ m[yg T —yeN ]+

iFr(y, —2iAa) (2 -4 2 -y - 2baFr _ _ _
Bkl Y & St dhier'A e Y —ogy3e™ " + (06— 1)yy,e” 0] + e” Y —e o]}, (76)
where

D = 2iMa®Fr—27,) +Fray;v, )

because of (17), (37), (51) and (73).
Finally, the Fourier transform of the free-surface displacement is given by

Py =-M 1
2a ! 27 (0 — 1Da?(y—b)

M) = - 7Y —e™™ ] +2-G(, )

at y=0. . (78)

The solution in the physical plane, for the velocity and the pressure fields induced by a weakly
buoyant plume near a free surface, is thus

¢1(x1y’z) J’-l(a’y’ﬁ)

1 [ .
662,20 = o= [T (BB ) & 15 doag (79)
Pl(X,J’,Z) il(a’y’ﬁ)

where ¥, (a, v, B), é1(a, v, B) and p, (a, y, B) are given by (51), (68) and (59) respectively,
with (75), (76) for G(a, ) and H(a, B). The solution for the free-surface displacement is

1 «
mx,2) = 5-f| @@ B e daap, (80)

where 77, (a, ) is given by equation (78).
Rather than solving for the most general case, which involves the numerical solution of the
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integrals in (79)—(80), we will present in the sequel the solution for some limiting cases, such as
the solution for the freesurface disturbance (80) for an isothermal free-surface boundary
condition.

4. The solution of the Oseen-Boussinesq equations in a half-space bounded by a solid
boundary

In this section we present the solution for the system of equations (11)--(13) with the boundary
conditions (14), (19) and the ‘no-slip’ condition (18) at the rigid boundary.

The solution for the zeroth-order temperature field 8, (x,y, z) is given by (34) and that for
the velocity and pressure fields by (51), (59), (76) and (68), but with different values for
G(a,$) and H(a, 8).

The unknown functions G (a, #) and H(a, 8) for the case of a rigid wall, are obtained by im-
posing the ‘no-slip’ condition at the rigid interface (18),

00, _ 93¢, _ 94,
—_— = = = —— 4 = = U,
™ Py 3 Vv, = 0 at y=0 (81)

Fourier inversion of (81) leads to

7. = 9% - _ -
1 . +y¢, =0 at y = 0. (82)

Substitution of (82) into (68) and (51) yields

1 - - _ 2i
G(a,B) = B—; {[72e T —oyie™ " + (0 —Dyvse o] -

(y—b)o(o—a

2iby,
o(o — ay(y—>)

[re™” —ovie” +(o—1)ye 0] +

__.____.4A___ Y —e™ Tt

G-DG-p ]}’ 9
HO.B) = 5Tt =p (167 ~ome ™ +Ho—Dyye ] +

1 in

D, {Ao(o = Da(y —b) (Ve " —ovie ™ + (0~ Dyore ™ ] +

ibY7, [ye"
xo(o— Day(y—b) 17

Y—ore” M+ (o~ 1)ye Y] +
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27, - -,
@na-pl 9
where
Dy = Yo(71 —%0)- (85)

Substitution of (83)—(85) into (51), (59) and (68) renders the final linearized solution for the
velocity and the pressure spatial distribution in the case of a weakly buoyant heat source
moving parallel and below to a rigid wall.

5. Asymptotic solution for the isothermal free-surface disturbance in the case of a small
Froude number
For an isothermal free surface (b - — *°), equations (78) and (75) yield

AoFrvy, 1
arD (2y(c—1)

T (@,8) = e T —me ]+ e ] (86)

Under the assumption of small Froude number and B A8 <€ Fr < 1, equation (77) is thus ap-
proximated by
iFr
4y,

F_l’~ +0F2
D= (Fr?), 87

and 77, (@, B) is given by

(@, 8) = ’F—“’{ :

mv[ye"’—yle"’l]+%[e'7-e'70] + O(Fr?). (88)

4na

The solution for 1, (x, 2) is obtained from (80) as

—_ oFr ® i -y -7, iax+ ifz
M (x,2) = (211)2“‘--»4017(0—1)[7‘3 T—y,e M1]e dadf +
(;:;2“—:\-2% [e”7 —e Yo] e!*** 2 dodp + O(Fr?). (89)

The evaluation of the first integral on the right-hand side of (89) is carried out by noting that
this integrand is in fact the inverse Fourier transform of 3y, ,/dy evaluated at y = 0 (50).
Thus, differentiation of (43) with respect to y and letting y = 0, yields
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1 J l—[ye'7—7le'7‘]ei°“+iﬂ’ dadf =
2n7 = ay
1 -A(Rg - x) ~AO(R, - x)
— e o —e o , (90)
R,R, _x){
where
R? = x?+z% +1. 91)

The second integral on the right-hand side of (89) is evaluated by first differentiating it with
respect to x, using the following identities:

1 rroe ) ) 3 [ero®-0
o ~v+iax +ifz = e
2m J.J.- “e dodp {ay[ R y =0 ©2)
and
1 = . . 011
. ~vo t lax + ifz N N
2w J.J.- N ° dadp {ay [R] } y=0, ©3)
where

R* = x*+(1—y)* +2?

Thus, the final solution of (89) is obtained as

Fr o - MR, - %) -AG(R, -~ )
- — +
M (x,2) 47R.(Ro —%) [2(0_1) [e-MEo e 0~ %]
[l_e-ho(Ro-x)]} +0(FI’2) (94)

which is the asymptotic solution for an isothermal free surface in the limit of small Froude
numbers and vanishingly small buoyancy terms.

The analytical solution given in equation (94) is depicted in Figure 7 which represents typical
spatial deflection of the free surface as viewed from a point (5 Ao, — 50, 0.5). Note that the
vertical coordinate is largely distorted with respect to the horizontal coordinates. A more
quantitative view of the freesurface elevation in the isothermal case is given in Figure 8. The
first-order free-surface elevation 1, (divided by the factor Fr) is here plotted versusx/Ao. Again,
for A > 500 one obtains a ‘similarity’ — like solution when 7, is plotted against x/ Ao in the sense
that the solution does not vary with A and o. For small values of A(A = 1, A = 10), on the other
hand, the dependence on x/ Ao is observed only in the region x/Ag < 1. (See Figure 8.).
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Figure 7. A typical spatial deflection n, (x, z) of the free surface in the isothermal case as viewed from the
pointx =5,y =—50,z=0.5forA=10,0=7and Fr < 1.
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Figure 8. The free surface deflection (kinematic signature) n, /[FrforFr<1,A=1and A > 10atz=0.
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6. Discussions and conclusions

An asymptotic solution is constructed in this paper for a laminar weakly buoyant plume induced
by a moving point source below an interface. An analytic solution for the temperature field, as
well as for the buoyancy-induced velocity and pressure fields, are derived in the Fourier-
transform plane. This solution is obtained for a general Cauchy-type boundary condition for
the temperature on the interface, and predicts both the kinematic and the thermal signatures on
it for a free surface or a solid boundary. In contrast with the transform plane, in which a com-
plete analytic solution for this problem is presented, the solution in the physical plane is pre-
sented for only two relatively simple, yet practical cases: first, the general solution for the
thermal signature on a free surface (¥ = 0), given by (34), is plotted in Figures (5)—(6) for both
adiabatic and mixed thermal boundary conditions. Then the isothermal case, where by defi-
nition there is no thermal signature, is considered next and the kinematic signature, namely
the free-surface elevation, is calculated and plotted in Figure 8. The calculations for this case
were performed for small values of the Froude number, such that Fr = O (g).

In order to examine the practical range of the parameters U and 4, for which the above
solution is valid, the lines of constant Froude numbers were plotted for 0 < U< 1.5 (m/s),
0 <4< 25(m) and for » = 10”2 (cm?/s). It is shown in Figures 9 and 10 that the Froude num-
ber based on the upstream velocity and the submergence depth is relatively small over most of

107

T ——e=107t
Fe10"*
————— —€=10"3
€=1072
4’
100 h(cm)

Figure 9. The range of parameters U < 10 cm/s and 2 < 100 cm corresponding to constant values of Froude
number Fr, and e (calculated for Q = 5 cal/sec injected at the source).
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the parameters range. On the other hand, the Reynolds number, based on the upstream velocity
and the submergence depth, ranges from A = 1 for U = O (103 m/s) and finite values of A,
to A = 10° for finite values of U and 4. Thus, the expression for the non-dimensional surface
elevation given in (94), is the appropriate solution for those values of U and A. In order to find
the physical dimension of € (which appears to be very small), it is necessary to find the actual
value of the small parameter. Typical values of € for heat-rate injection of 5 cal/s are plotted in
Figure 9.

o

05

25

h(m)

Figure 10. The range of parameters I/ < 1.8m/s and & < 25 m corresponding to constant valves of Fr and
A.

An interesting result found in this case is that both the non-dimensional kinematic and the
thermal signatures, as well as the temperature field, are all independent of A (namely on U and
k) for A = 500. For small values of A =0 (10) the same result is valid over most of the fluid
domain except in the immediate vicinity of the source.

One should also notice the asymmetry of the thermal and kinematic signatures with respect
to the x-axis. These signatures are largely stretched in the x-direction even for small values of U,
namely for A =Q (1). The analysis presented in this paper may be found useful in estimating
the free-surface signatures (thermal and kinematic) of a submerged point heat source in the
presence of an ambient uniform current.
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